Starting from non invasive experimental measurements by Doppler echotracking, the human arterial tree of a given patient is numerically reconstructed.The chosen approach consists in building a simplified fluid/structure interaction model for each artery and to find the parameters of the network by solving an inverse problem.
INTRODUCTION
The 3D numerical simulations of blood flows in the human arterial tree (see Figure 1 ) have achieved a very high level of accuracy in the last few years. However, the computational cost of such simulations is very important. Moreover they need the evaluation of many parameters that are very difficult to estimate.
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on experimental measurements of the mean velocity and distortion of the arteries at few points of the arterial tree. As the cost function is obtained through the resolution of a complex system of coupled partial differential equations, an evolutionary approach is used to solve the associated inverse problem.
In view of a medical diagnosis of cardiovascular diseases, it is worth mentioning that the blood flow pressure and the stiffness of each artery, two important figures that are difficult to measure, are also outputs of the numerical reconstruction. Section 2 presents the current cardiovascular risk estimation with the experimental device called echotracking. Section 3 is devoted to the description of the arterial tree model used here. Some examples of numerical simulations with this model are given in section 4. Finally, an inverse problem resolution with evolutionary algorithms is presented in section 5, leading to a more accurate estimation of the cardiovascular risk of a given patient.
THE CARDIOVASCULAR RISK

Echotracking measurements
The echotracking device is a non invasive tool that can track the heart pulse wave with echo-doppler measurements at various points of the arterial tree (see [3] ). It gives in particular the inter-adventicia diameter profile and the velocity profile at the artery center. 
Estimation of the arterial stiffness
The arterial stifness is a well-known index for predicting cardiovascular risks (see [4] for more details). It can be roughly estimated with echotracking measurements after computing the pulse wave velocity, also called PWV (see Figure 3 ). Pulse Wave Velocity estimation PWV=L/∆T The coefficient PWV is directly linked to the arterial stiffness with the Moens-Korteweg equation:
where E, h, r and ρ are respectively equal to the vessel wall Young modulus, the wall thickness, the vessel radius and the blood density.
THE ARTERIAL TREE MODEL
We present here a new numerical method to estimate more accurately the arterial stiffness and other important parameters for a better cardiovascular risk prediction.
In the arterial tree, the blood flow velocity u(t, x) and pressure p(t, x) at time t ∈ R and position x ∈ Ω ⊂ R 3 satisfy the following 3D Navier Stokes equations:
(1) where ρ and ν respectively denote the density and the kinematic viscosity of the blood. Because of the compliance of the arterial wall, theses equations must be coupled with an appropriate model of the vessel wall dynamics. Moreover, this compliance varies along the arterial tree and even along a single artery for instance because of the formation of atherosclerotic plaques or the presence of a stent.
In order to reduce both the computational time needed to solve these equations and the number of unknown parameters, a simplified 1D model has been developped by assuming that the artery has a cylindrical geometry with a circular cross section (see Figure 4) . After averaging the 3D Navier Stokes equations over each cross section, a system with two unknowns for each artery, the cross section area Ai and the volumic flux Qi, is derived (see [1] for more details):
where Ai(t, z) is the cross section area at time t and position z ∈ [0, Li] for the i−th artery, and Qi(t, z) the corresponding volumic flux. Note that in the more general case the total number of arteries in the human body is equal to 55 (see [2] ).
In this system, pi(t, x) denotes the pressure in the i-th artery and is obtained through the following closure law:
where A0,i represents the section area of the i-th artery at rest . The coefficients Kr and (βi) 1≤i≤55 appearing in the model are respectively linked to the blood viscosity and the arterial stiffness. A formal derivation from the 3D to the 1D model leads to the following expression for the parameter βi, also called the rigidity coefficient of the i-th artery:
where h0,i and Ei respectively denote the thickness and the Young modulus of the i-th vessel wall. The 1D model (2) can be rewritten in a conservative form, after omitting the index i:
where U = [A, Q] T are called conservative variables, F (U ) and B(U ) are respectively the corresponding flux and source terms:
It can be observed that this system is hyperbolic, as the Jacobian
has always two real eigenvalues, of opposite sign, for all the allowable values of U , β and ρ:
The associated characteristic variables have the following expressions:
At each bifurcation, a system of six equations with six unknowns, namely the cross section and the flux for the corresponding three arteries, (A1, Q1, A2, Q2, A3, Q3) on Figure  5 , is solved. It is made of: (i) A continuity equation for the flux: Q1 = Q2 + Q3.
(ii) Two total pressure conservation equations: PT,1 = PT,2 and PT,1 = PT,3 where
(iii) Three compatibility conditions for the characteristic variables of the hyperbolic system, (W+)1, (W−)2 and (W−)3. The system is completed by the following initial conditions:
and by two types of boundary conditions: (i) At the entrance of the network: the value of the forward characteristic variable W+(t, 0) is imposed. It can be shown with relations (6) that it is equivalent to fix an entrance profile of the cross section area A(t, 0).
(ii) At each exit of the network: an equivalent resistance condition is imposed in order to simulate the downstream network (see Figure 5 ). The resistance rate is applied through a coefficient Ri ∈ [0, 1] at each exit of the network (see [2] for more details). Some preliminary works, made in particular by one of the present authors, have validated the accuracy of the 1D model compared to a full 3D fluid/structure model in the case of a straight artery (see [5, 6] ). In particular, it has been shown that the velocities and diameters of an artery computed with the 1D model were similar to the corresponding 3D values for a well chosen value of the rigidity coefficient β. Note that the optimal value of β was not given by expression (4) but had to be fixed through an optimization process.
THE DIRECT PROBLEM
The equations of the 1D model are discretized in their conservative form (5) by using a second order Taylor Galerkin scheme. Denote ∆t the chosen time step, then the vector of unknowns U n at time tn = n∆t satisfies the following timemarching scheme:
The spatial discretization is then done by using linear finite elements on the subdivision (zi) i∈{0,...,N } of [0, L].
The human lower arterial tree is studied here as a first example of a numerical reconstruction (see Figure 6 ). It consists in a network made of seven arteries starting from the common iliac and ending at four arteries (internal iliac, deep femoral, anterior and posterior tibial).
The entrance profile, namely a cross section profile depicted on Figure 7) , is issued from an echotracking measurement at the entrance of the common iliac artery of a healthy patient. Three computations are presented here to show the influence of the physical parameters (the rigidity coefficients) and the numerical parameters (the exit resistances). The first computation uses the reference values that can be found in the literature (see [2] for instance) whereas in the second and third computations, these parameters have been slighty modified (see table 1 The results of the three computations are displayed on Figure 8 , here for the anterior tibial artery. They show that the numerical simulations are very sensitive to a minor change in few parameters of the simulation, respectively three rigidity coefficients βi and four exit resistances Ri. Knowing that the artery rigidity between two individuals can vary in a very large amplitude, it shows the importance to adapt the simulation to each patient.
The next section presents the method for building a patientspecific network that fits to its associated echotracking measurements.
THE INVERSE PROBLEM
The cost function
The resolution of the inverse problem is based on the minimization of an error type cost function between the numerical values and the corresponding experimental values. In the current case, only the experimental data on velocity profiles of four arteries have been used : the common iliac (index number i = 1), the external iliac (i = 2), the femoral (i = 4) and the anterior tibial artery (i = 6). All the velocities have been measured at the median position of each artery. Thus, the cost function writes as:
The eleven parameters ψ = (β1, ..., β7, R3, R5, R6, R7) on which the optimization process is performed are: (i) Seven rigidity coefficients for the seven arteries : (βi) i∈{1,...,7} .
(ii) Four exit resistances: (Ri) i∈{3,5,6,7} .
Note that other parameters are also included in the model, either geometrical (Li, A0,i) or physical (Kr). As their influence is of lower order than the rigidity coefficients and the equivalent resistances, they have been kept fixed here. However, they can easily be included in the optimization process in the future.
The optimization method
As seen before, the cost function J is computed through a set of coupled fourteen PDE's and thus a gradient type method is difficult to implement here. For the optimization process, a genetic algorithm has been chosen as it is now classical for medical applications (see [7, 8, 9] In order to reduce the total computational time, an approximationJ of the exact cost function J is constructed leading to the following metamodel-assisted GA:
-Generate initial population P = {ψi ∈ O, 1 ≤ i ≤ Npop} -Until convergence do: -Make approximate evaluations {J(ψi), 1 ≤ i ≤ Npop} -For the best N best ≤ Npop elements in terms ofJ, make exact evaluations of them.
-Make Darwinian operations (selection, crossover, mutation) on the population P with respect toJ.
-Generate the new population.
representing the rate of exact evaluations at a given generation is equal to 1 for the first generations and is then linearly decreasing.
The metamodel method chosen here comes from the field of neural networks and is called RBF (Radial Basis Function) interpolation (see [10] ). Suppose that the function J is known on N points {ψi, 1 ≤ i ≤ N }, the idea is to approximate J at a new point ψ by making a linear combination of radial functions of the type:
where {ψi, 1 ≤ i ≤ nc} ⊂ {ψi, 1 ≤ i ≤ N } is the set of the nc ≤ N nearest points to ψ for the euclidian norm ||.||, on which an exact evaluation of J is known. The function Φ is a radial basis function chosen here equal to Φ(u) = u 2 + r 2 (multiquadric RBF) for which the parameter r > 0 is called the attenuation parameter. The scalar coefficients ω = (ωi) 1≤i≤nc are then obtained by solving the linear least square problem of size N × nc:
Results
The results are depicted on Figures 9 and 10 . With the chosen approach, less than 200 exact evaluations of the cost function J have been necessary to converge to the global minima of J.
On Figure 9 , a comparison is done between the numerical and the experimental velocity profiles at the median position of the four artery CI, EI, F and AT for the optimal parameter set that has been obtained. It can be seen that the agreement between both profiles is excellent for every artery on a qualitative and also a quantitative viewpoint. Figure  10 compares the cross section area profiles for the same arteries. Even though these additional measurements have not been included in the computation of the cost function, here again, the agreement is also very good. The same reconstruction process has been tested for other patients and has lead to the same quality of results, but with a different set of optimal parameters. It thus validates the whole reconstruction approach and also shows the importance of a patient specific method.
Finally, note also the computational time of a full reconstruction process, less than 24 hours, is compatible with a quick diagnosis of cardiovascular risks of a given patient and is far more precise than the one based on the PWV estimation presented in section 2.
CONCLUSION
A new method for the reconstruction of the arterial tree and thus the prediction of cardiovascular risks of a given patient is presented here. It is based on non invasive Doppler echotracking measurements of blood flow velocity and arterial diameter profiles at few points of the arterial tree. The first results have shown that a perfect agreement between computation and experiment can be reached after an optimization process of the parameters of the numerical model. This kind of reconstruction process will help for a quick and early diagnosis of cardiovascular risks of a patient by giving accurate informations on the arterial stiffness and on the blood flow pressure through its whole arterial tree.
